The relaxation process of self-gravitating systems is examined by using one-dimensional numerical simulation. We get the asymptotic distribution function which disagrees with that proposed by Lynden-Bell. Our distribution function has two peaks in low and high energy regions and a valley in the medium energy region. This characteristic core-halo structure in phase space has been observed in many simulations. Vir e clarify the dynamical mechanism which generates this 'core-halo' structure. The essence of this mechanism is that the elements of the system are accelerated (or decelerated) very effectively by the evolving gravitational potential in a specific energy region, reflecting the initial conditions. § 1. Introduction Some classes of stellar systems,such as elliptical galaxies, seem to have already settled down to their final equilibrium configuration. This is strongly suggested from the fact that most elliptical galaxies show the universal luminosity profile which is characterized by R1!4-law.*} Moreover, most giant elliptical galaxies have little rotation and a random stellar velocity. The velocity dispersion of the stars in the inner few kiloparsecs is also universally correlated with luminosity according to the Faber-Jackson law.
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Therefore, there must be a common relaxation mechanism which guarantees this universality. The ordinary relaxation mechanism due to the two-body gravitational interaction (binary encounter) has been the only wellestablished relaxation process in an elliptical galaxy which has poor gas. However, the relaxation time scale is too long (more than 10 15 yrs) to relax an elliptical galaxy within the age of the Universe. Hence we believe that there must be another relaxation mechanism which is more rapid and more effective for a self-gravitating system. 25 years ago, Lynden-Bell proposed a new relaxation mechanism due to the variation of the mean potential. 3 ) where I(x, v, t) is the one-body distribution function, ¢(x, t) is the mean potential of the system and C [j] is the collision term. The binary encounter yields the collision. term C [j] which is essentially ineffective for elliptical galaxies to relax; we can set C [j] =O. This system is called 'collisionless'. (If C[j]=O, we call Eq. (1'1) collisionless Boltzmann equation.) On the other hand, the structure of the ~ean potential ¢(x, t) is very complex; all the stars contribute ¢(x, t) due to the fact that the gravity has infinite force range. The elliptical galaxy systems show strongly non-linear behavior despite the simple appearance of Eqs.
(1'1) and (1·2). (This non-linearity is one of the most important characteristics of self-gravitating systems.) The complex potential ¢(x, t) may have violent temporal and spatial variations and .may cause 'violent relaxation' of the system. In one-body phase space (space of (x, v», the phase volume and the mass density are conserved according to the collisionless Boltzmann equation, which is essentially the continuity equation for I(x, v, t) in 6-dimensional space (x, v). Lynden-Bell proposed that if a system is peifectly relaxed by the violent relaxation, the equilibrium state of the system is described by the following coarse-grained distribution function 3 ) ('coarse-graining' represents the fact that whatever we observe has finite resolution and therefore I(x ,v,t) should be averaged at the corresponding scale when we actually compare the theory with observations).
where E is energy per unit mass and '7 is an initial (uniform) mass (density) per unit phase volume. fJ and fJ. are Lagrange multipliers, which correspond to the conservations of the total mass J [d 3 xd 3 v=.41 and the total energy JE(x, v)ld3xd3v=Etot. This Lynden-Bell distribution happens to have the same formula as Fermi distribution though there is no relation to quantum mechanics. The only conditions used to derive this distribution were the conservation of mass density and the maximized entropy of the system. In the case (exp( -fJ(E-fJ.»~I), Lynden-Bell distribution (1'3) reduces to the Boltzmann distribution
(1 '4) Since the violent relaxation is caused by dynamical variations of the mean potential, the time scale of violent relaxation must be the same order of magnitude as the typical gynamical time scale of the system. 4 ) In order to investigate the complicated violent relaxation process, we need some sImplification of the system as done by many authors.
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Our model is the system of N flat sheets infinitely extended in the (y, z)-plane and each sheet moves freely along the x-axis. The system is essentially one-dimension. In this model, the motion of each sheet can be exactly calculated by numerical method as we explain shortly in the next section. This is a great advantage to analyze the mixing system which is quite sensitive to the initial condition.
Before calculating the evolution of this model, we must check whether it is really collisionless or not. Eldridge and Feix approximately estimated the collision term C[j] of Boltzmann equation (1'1) for this system by the analytical method. 13 ) According to them, the time scale of the collisional relaxation is the same order as N· Td, where Td is the dynamical time scale of the system. After them, Severne, Luwel and Rousseeuw numerically investigated the time scale of the collisional relaxation. 14) According to their results, the time scale of the collisional relaxation Tcoll for this system is given as follows,
From these results, we can conclude that the mass sheets system can be a collisionless system if the number of sheets in the system is large.
In the previous works,5)-1l) they found that the equilibrium state of mass sheet systems show the 'core-halo' structure in the energy-density plane or phase space; the high mass-density regions are well separated into the low energy part (core) and the high energy part (halo). This 'core-halo' structure looks like Fig. 2(f 
where E 1, E2, A f2 and /3 are constant fitting parameters. In Fig. 5 , we show that feE)
is actually well fitted by Eq:(1·6). Moreover, it is known that energy distribution function N(E) shows the same 'core-halo' structure as feE). Unfortunately, this is not the Lynden-Bell distribution; most of the numerical calculations disagree with the Lynden-Bell distribution! The reason why the equilibrium state calculated from numerical analysis disagrees with Lynden-Bell distribution and why Eq. (1· 6) should be the final equilibrium distribution were not known. In this paper, we show the reason for the disagreement and give a simple explanation for the relaxation process of this system. Then we will show why feE) should have the asymptotic behavior like Eq. (1· 6). The plan of this paper is as follows: In § 2, we explain the method of our computer experiment and the initial conditions. In § 3, the results of our numerical experiments are shown. We show our interpretation for the relaxation process of this system in § 3. Finally, conclusions and discussion are in § 4. § 2. Computer experiment Dynamics of the one-dimensional self-gravitating system is described by the Hamiltonian:
where m is a sheet mass per unit area. Note that the two-body gravitational potential becomes linear in distance of sheets in the one-dimensional system. Accordingly, the virial theorem in one-dimensional system ~ives 2Ek1n -Epot=O for a dynami- cally closed system. The initial condition we take is as follows: 1) On phase space, we prepare a lattice with equal spacing. We label each grid point by (m, n). 2) We prepare a set of random numbers for each grid point (~U:n, ~;;:n), where each ~ is much smaller than unity. 3) We set each (m, n)-th sheet (particle) on (m+~U!n, n+~;;!n) with the condition that phase density is uniform in the lattice. 4) Finally we multiply each (m, n)-element by adequate factors (xo, uo) so that the distribution (xo(m+~ U:n), uo( n + ~;;:n)) may be consistent with a given virial ratio V (= 2 Ekin/Epot) and total energy Eo. Thus we have a rectangular mass-distribution with uniform density in phase space. Figures l(a) and (c) show two typical initial conditions on phase space diagram in the case that virial ratio V is equal to 0.1 and 0.01, respectively. To perform actually a systematic investigation, several kinds of virial ratios between 1 and 0.001 are examined.
The evolution of a system is calculated by the 'analytical code'; the motion of each sheet between encounters with other sheets is unIform acceleration. Thus we can pursue the evolution of the system with high accuracy only by jointing the analytic solutions at the moments when an encounter takes place. 15 ) In this calculation, the total mass and total energy per unit area are normalized as follows: M = 1, Eo=O.1 in units of 4JrG=1.*) When we select these physical units, we can introduce natural dimensionless quantity for every physical quantity because we can express every physical quantity with M, E and G. We take this natural unit as our time unit. We find that one dynamical period of the system is roughly equal to 6.5 for the early stage and 6 for the last stage in this unit. § 
Numerical results
The typical evolution of our system is shown in Figs. 2 and 3 in the temporal sequence. From Figs. 2 and 3, we easily notice that the mass-distribution well maintains the initial shape during the first 1/4-rotation in phase space. Here we also notice that both the initial conditions, virial ratio V> 1 and V < 1, yield almost the same asymptotic configuration. The only apparent difference is that their rotation. phases are shifted by Jr/2 (1/4-rotation). Therefore we can restrict our study only in the case V < 1 without loss of generality. Now we try several different initial values for virial ratios V from 10-3 to 1 (initial virial ratios less than 10-3 do not guarantee the relaxation within our limited CPU time). In Figs. 2 and 3, we find that the dynamical evolutions, from these different virial ratios have similar qualitative characteristics: 1) Visually, the system seems to be well relaxed: The configuration of sheets does not change after tics are almost independent of initial conditions and seem to be universal. We can easily explain the above characteristics. The mass distribution in coordinate space (x·space) is set exactly uniform at t=Oand remains almost uniform during the early stage of the evolution. Therefore the mean potential of the system can be roughly approximated by a harmonic potential because two body potential is linear in distance. Consequently we can discuss the dynamical evolution at the early stage, which is the most important for the relaxation of the system, after the analogy of the harmonic oscillator. In the harmonic potential, each sheet (particle) rotates around the origin with the same angular velocity in phase space and the mass-distributing region rotates rigidly without changing its shape very much. This is the reason why the mass-distributing region does not change its form while the first 1/4 rotation. During this rigid rotation, the mean potential changes only slightly. Therefore, we can approximate the mean potential by a harmonic potential with a time dependent 'spring constant' (see Fig. 4 ). Because our mass-distribution rotates with the dynamical time, we expect that this 'spring constant' oscillates with the dynamical period. This oscillating potential accelerates or decelerates the sheets depending on their phases.
We now argue about the energy change of each sheet llE during the course of evolution. Figures l(b) and (d) are the density maps for llE, in which the dark regions mean that the sheets initially distributed in it have large energy loss: IllEI is large and llE < O. Of course, the light regions mean large llE (> 0) (Le., energy gain) of the sheets initially distributed in it. The solid lines in Figs. lea) and (c) are the boundary of energy loss and gain. We find, from our numerical calculations, that the energy change is not random but is systematic. The systematic way that determines llE of a sheet is summarized in the following two kinds of mechanism. 1) The first mechanism is related with the angle (9 of the sheet measured from the x-axis in x-u phase space. A sheet initially distributed on the x-axis ((9=0) is exactly synchronized with the oscillation of the mean potential. Since the sheets rotate clockwise, the sheet whose angle (9 is slightly less than 7r or 0 oscillates in x-space slightly advanced from the oscillation of the mean potential. On the other hand, the sheet whose angle (9 is slightly larger than 7r or 0 oscillates slightly retarded. The advanced sheets accelerate the retarded sheets. Therefore, the retarded sheets get energy from the advanced sheets. This retarded 'hot' sheets accumulate on the right-hand side up region and the left side down region (the light region) in Fig. 1 . And the advanced 'cool' sheets accumulate in the dark region. Moreover, Fig. 1 shows that the heated and cooled sheets are clearly separated. We can thus verify that the slight differences of initial phases e clearly determine whether a sheet is heated or cooled.
2) The second mechanism is related with the radial distance R of the sheet from the origin in x-u phase space. Figures l(b) and (d) indicate that sheets which have larger distance R get larger ILIEI. Because the energy of a sheet is roughly proportional to the square of the radial distance R2, Fig. 1 means that sheets initially having larger energy tend to get larger ILIEI in the course of evolution. This tendency comes from the following reason: Since the variation amplitude of the mean potential is the maximum in the outermost region*) (see Fig. 4 ), the sheets' get the most effective acceleration or deceleration there.**) Moreover, the sheets must have much energy to reach the outer region in the x-space. This is the reason why a sheet whose initial energy is large (or whose initial R is large) gets large ILIEI.
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We can summarize the above two kinds of mechanism as follows: First the initial phase e of a sheet determines whether the sheet gains or loses energy. Secondly the initial distance R from the origin in phase space (or the initial energy) of the sheet determines the absolute magnitude of LIE. We can explain the redistribution of the energy among the sheets (i.e., relaxation) from these two mechanisms. In the second mechanism, it is essential that the variation of the mean potential is the largest in the outermost region. Let us now show why this is so. If each sheet moves with almost constant energy within its dynamical time (in other words, the heating or cooling of a sheet is slow) and the phase-mixing of a sheet is slow, then the lump of sheets in phase space rotates rigidly in one period without changing its shape (hereafter we . designate the motion like this 'quasi-periodic'). From Figs. 2 and 3 , we can see that the motion of sheets is quasi-periodic in our case. In our case with rectangular initial configuration, the deformation of the mass-distribution is the largest at the largest R (or at the highest energy region) and the mass-distribution projected on the x-axis changes most violently at the largest Ixl during the initial few periods. Then the variation of the potential is most violent at the largest Ixl (or in the high energy region). Thus the high energy sheets suffer more heating or cooling than others at the early stage of the evolution. Because the relaxation by the mean potential is most effective in the early stage, we find that the cause of the relaxation is the initial inhomogeneity of mass distribution on the equal energy region. Note that our equilibrium distribution function shows 'core-halo' structure though Lynden-Bell distribution has no core-halo structure; our distribution function takes local maximum values, which are larger than Lynden-Bell distribution, in low and high energy regions (see Fig. 5(b) )_We call the low and high energy peaks 'core' and 'halo', respectively. Now we can show a simple explanation for 'core-halo' structure when the evolution of the system is not so violent that the sheets of the system obey the quasi-periodic motion. We summarize our fundamental principle as follows: If the mass distribution *) From the view of configuration space (x-space), a sheet spends most of its time at the outermost region which it can reach because the velocity of the sheet is small there. Then the acceleration of the sheets is most affected by the behavior of the potential in the outer region. **) Of course, the period of oscillation of the mean potential must be close to the rotation period of the sheets in phase space for the effective acceleration or deceleration of the sheets. In self-gravitating systems, the period of the potential oscillation is nearly equal to the rotation period of the sheets automatically. 
in phase space is inhomogeneous on the (time-averaged) energy region (a ring in phase space), *) then the sheets on this region escape into other energy region. Conversely if the mass distribution in phase space is homogeneous on the equal energy region, there is no remarkable evolution in this region.
In the case of our initial conditions, both edges of the rectangle have the largest inhomogeneity in all the energy regions (hereafter we refer to the edges of a rectarigleas region B). The sheets in the edges are violently heated or cooled. The heated and cooled sheets in region B leave for the higher or lower energy regions and accumulate there. Then the heated sheets that moved up to the higher energy region (the outer region in phase space) make a ring-like halo along a new energy contour line (we call this high energy region in which the heated sheets from region B region C). On the other hand, the cooled sheets that moved down to the lower energy region accumulate there and make a round core.
(We ca·ll this low energy region in which the cooled sheets from region B region A.) In a word, sheets in the inhomogeneous region B move into regions A and C (see Fig.  6 (a» and settle there forming homogeneous structures which have the symmetry with respect to the rotation in x-u phase space. These well separated regions are core and halo. When core-halo structure grows, we can identify regions A, Band C as a round core, bridge-like structures between core and halo and a ring-like halo, respectively just as shown in Fig. 6(b) . As core-halo structure grows, the rapid evolution of the system in the early stage is reduced because the asymmetry of mass density with respect to rotation in phase space is reducted and the variation of the mean potential becomes small as in Fig. 4 . As a result, we have the core-halo structure as the final configuration of the system. From the viewpoint of the lost of initial information, we expect that the distribution function f(E) relaxes most completely in region C as follows: In region A, th~ *) Strictly speaking, the energy contour lines have the time-variation. And the ring-shaped region corresponding to energy E ~ E + 8E is not also time-independent. Hereafter we use the word 'energy contour line' or 'energy region' in the sense of time-averaged one. variation of the mean potential is too mild for the sheets to forget the initial condition and the heated and cooled sheets cannot flow into this region. Then the initial phase density is conserved and feE) behaves as a constant in region A. Conversely the violent variation of the potential in the early stage drives the sheets away from region Band feE) has a very small value in region B. The relaxation is not complete in region B in the sense that the small feE) in this region reflects the initial condition. We find both sufficient number of sheets and the sufficient room for the relaxation only in the final state of region C. Adding to this, the mean potential varies enough for feE) to forget the initial information in region C. Thus the distribution function feE) realizes the relaxation more perfectly in region C than in regions A and B. . This consideration is consistent with an isothermal-like behavior (ex: e-PE ) of feE) in region C. Note that this isothermal-like distribution does not have to agree with LyndenBell distribution because Lynden-Bell distribution is based on the relaxation of the system in the whole energy region. In fact, we get 20~40% smaller /3 than LyndenBell distribution from our isothermal-like distribution (ex: e-PE ) in region C. In § 1, we mentioned that Eq. (1· 6) is the typical behavior of both the distribution function feE) and energy distribution function N(E) obtained by numerical experiments. The behavior of N(E) is given by N(E) = g(E)f(E), where geE) has very weak dependence on E le~s than 0(E 1 /2) in the case of Lynden-Bell distribution.l7) Then if we consider that our numerical results (see Fig. 5 (b» approximate LyndenBell distribution in some degree, the behavior of N(E) is very similar to feE). After all, the explanation for the behavior of feE) also explains that of N(E).
The system, whose phase density is homogeneous along all energy contour lines, does not clarify evolution according to our 'energy contour line' rule. This is clear because the mean potential does not vary in the system whose mass distribution is homogeneous on all the equal energy regions. Figure 7 (a) shows one of these initial configurations. The one ellipse configuration in Fig. 7(b) suffers little relaxation though it is not equal to Lynden-Bell or any other isothermal distributions. This result is consistent with 'energy contour line' rule which says the inhomogeneity on the equal energy region is necessary for the relaxation of the one-dimensional system.
In the cases of initial virial ratios less than about 10-2 , the initial lump of sheets once decomposes into two and then these two recombine' after a certain time. The time between the decomposition and the recombination depends on initial conditions, Fig. 2 but for the case in which initial configuration in phase space is an ellipse configuration whose virial ratio is 1. An ellipse configuration whose virial ratio 1 scarcely evolves because of its homogeneity of mass distribution on the equal energy regions. This result supports our statement that inhomogeneity of mass distribution on the equal energy region is necessary for the system to evolve into the 'core-halo' structure. § 4. Conclusions and discussion
In this paper, we have explained why one-dimensional self-gravitating systems yield core-halo structure in their asymptotic' configurations. We get a simple rule about the relaxation: If the mass distribution in phase space is inhomogeneous on a equal (time-averaged) energy region (a ring in phase space), *) then the sheets (particles) on this ring escape into other energy regions. Conversely if the mass distribution in phase space is homogeneous on the equal energy region, there is no remarkable evolution in this region. Note that we can apply this rule only to the system in which the motion of sheets is quasi-periodic. (Here quasi-periodic motion means that energyredistribution and phase mixing of the sheets are so slow that the mass-distribution rigidly rotates in x-u phase space during one dynamical period.) According to this rule, we can predict the evolution of one-dimensional system as follows: If an initial mass configuration has the maximum inhomogeneity on the equal energy region characterized by E* in x-u phase space, then the system necessarily evolves and realizes the equilibrium configuration with core-halo structure, where E* characterizes the boundary energy region between the core and halo. We have confirmed this conjecture experimentally in our cases. Figures 2(a) and 5(a) show that E*~0.15 characterizes the equal energy region which has the maximum inhomogeneity in x-u phase space. We find this energy scale E*~0.15 also characterizes the boundary energy region between core and halo in Fig. 5(b) . However, in the case of complicated initial configurations, the characteristic energy scale E* changes with time and the initial E*(t=O) does net predict the final boundary of core and haJo. IS ) We can explain the generationof the cor~-halo structure (Eq. (1·6)) as follows:
*) See the footnote on p. 278.
According to our fundamental rule, most of the sheets that initially located on the equal energy region E*(t=O) get or lose energy and leave for the higher and the lower energy region. If E*(t=O) remains almost constant during the evolution, the asymptotic distribution function /(E) has a valley at this energy region E*(t=O) because the sheets escape from there. On the other hand, the lower and higher energy regions, on which escaped sheets accumulate, become core and halo, respectively. If E*(t=O) does not remain constant during the evolution, we cannot predict the boundary of core and halo by using this simple analysis. Even in this case, the sheets move from the region E*(t) into the higher and lower energy regions at each moment.
And the equilibrium distribution function /(E) has a valley in the energy region E*(t = tfinal).
The equilibrium distribution function /(E) realizes isothermal-like distribution (ex ef3E ) only in the halo region. This is because both the variation of mean potential and the vacancy of zero-density region, into which the heated and cooled sheets can move, help the energy exchange among the sheets (i.e., the relaxation) in the halo region. However, we get 20~40 % smaller /3 than Lynden-Bell distribution from our isothermal-like distribution (ex ef3E ) in halo region. On the other hand, the sheets fully occupy the zero-density region in x-u phase space and the sheet distribution . appro.aches degenerated Fermi distribution or lowest energy state 19) in the core region. In the above considerations, we find that at least two conditions are necessary for the system to realize Lynden-Bell distribution: a) The mean potential varies in a proper degree through the whole energy regions. If the variation of potential is weak as in region A, the relaxation will not take place. If the variation of potential is too strong as in region B, most of the sheets will escape from that region and a phase space hole may be generated there. b) The second condition is that there be sufficient area of zero-density region to accept the heated or cooled sheets in the whole energy regions. The relaxation is not possible in region A for this reason, too. If we wish to realize Lynden-Bell distribution in numerical simulations, we must arrange the proper sheet configuration which satisfies the above two conditions. In the cases of initial virial ratios less than about 10-;:2, an initial lump of sheets once decomposes into two as we mentioned before. Moreover, Hohl and Feix have found a case that a rectangular lump splits into four clusters. 20 ) We cannot explain this decomposition. Unknown instability might generate this phenomenon. We do not know a general rule which predicts the final distribution quantitatively from any initial conditions. These problems are in the scope of our future studies.
